Abstract. We prove that an integrable system over a symplectic manifold whose symplectic form is covariantly constant carries a natural hypersymplectic structure. Moreover, a special Kähler structure is induced on the base manifold.
Introduction
There exist deep relations between supersymmetric gauge theories and integrable systems, which were extensively investigated by Donagi and Witten in their seminal paper [5] . In particular, it turns out that a key notion in both frameworks is that of special Kähler manifold. According to the terminolgy fixed in [7] , a special Kähler manifold is a Kähler (or more generally, pseudo-Kähler) manifold equipped with a flat torsion-free connection ∇ such that the covariant derivative of the Kähler form and the covariant differential of the complex structure are both equal to zero (for details see Section 3). The cotangent bundle of any special Kähler manifold carries a compatible hyper-symplectic structure; morevover, one can induce on it, by means of the connection ∇, a natural structure of algebraically completely integrable system [7] . In this note, we want to take an alternative point of view, looking at things the other way round. Indeed, our starting point is a classical integrable systemà la Liouville-Arnol'd, i.e. a fibration X → B, where X is a symplectic manifold and the fibres are Lagrangian tori. On such a fibration a flat torsion-free connection ∇ is naturally defined. Assuming the existence of a covariantly constant symplectic structure Ω on B, we prove the following:
• X admits a compatible hyper-symplectic structure (Theorem 2.2); AMS Subject Classification: 53C26, 53D99, 37J35, 70H06.
• B is a special Kähler manifold (Corollary 3.3).
Our approach should be compared to the treatment of special Kähler geometry developped by Hitchin to describe the geometry of the moduli space M of deformations of a complex Lagrangian submanifold of a complex Kählerian manifold [8] . In particular, our construction implies the existence of a biLagrangian immersion of the base manifold B into the total space X (see Remark 3.4).
The basic construction
Let (X, ω) be a connected symplectic manifold of dimension 2N, together with a projection π : X → B whose fibres F b = π −1 (b) are compact connected Lagrangian submanifolds of X. We shall call π : X → B an integrable system. By the Liouville-Arnol'd theorem [2] , the fibres F b are isomorphic to N-dimensional tori. The homology groups H 1 (F b , Z) define a sheaf L on the base manifold B, called the period lattice of the fibration π : 
The coordinates I i can be thought as affine coordinates on the base manifold B; by associating dI i to X i , we obtain the natural isomorphism
The Gauß-Manin connection of the local system R 1 π * R induces a torsion-free flat connection ∇ on T B; clearly, the vector fields ∂/∂I i are parallel w.r.t. ∇. The subsheaf L ⊂ D defines, via the identification (1), a Lagrangian covering of B, that will be denoted by Λ ⊂ T * B; the monodromy of Λ coincides with the holonomy of ∇. According to [6] , if the fibration π : X → B admits a section, then there is an isomorphism X ≃ T * B/Λ (which is an isomorphism of symplectic manifolds fibred in Lagrangian tori if the section is Lagrangian). One has the identification Vert(T X) ≃ π * T * B. Let us consider the dual fibrationX = R 1 π * R/R 1 π * Z, naturally endowed with a projectionπ :X → B. The identification Vert(TX) ≃π * T B can be plugged in the Atiyah sequence
which is splitted by the Gauß-Manin connection. In this way, we get a decomposition
According to [3, 1] , an almost-complex structure J is defined onX by setting J(U, V ) = (−V, U); actually, J is integrable because the Gauß-Manin connection is flat. If we introduce onX local coordinates (I 1 , . . . , I N , Φ 1 , . . . , Φ N ), where the Φ's are dual coordinates to the ϕ's, then the holomorphic coordinates are given by z j = I j + iΦ j . If the fibration π : X → B has a section, then X can be identified toX, in such a way that the natural lifting of the Gauß-Manin connection coincides with the connection we have introduced on X and the Φ's coincide with the angles ϕ's. Let us suppose that the base manifold B has a sympletic structure Ω; this implies N = 2n. We shall be concerned only with local properties, so that we can assume that a Lagrangian section σ ω : B → X does exist.
If Ω is covariantly costant, i.e. ∇Ω = 0, then, the splitting T X = π * T * B ⊕ π * T * B (together with the isomorphsim T B ≃ T * B provided by Ω itself) can be used to construct a new symplectic form χ = −Ω ⊕ Ω on X. The condition ∇Ω = 0 is equivalent to the fact that the action coordinates I i can be assumed to be canonical w.r.t. Ω; dropping the indices, we shall write short I = (x, y) and Ω = dx ∧ dy. By using the same notations, we also have ϕ = (p, q) and ω = dϕ ∧ dI = dp ∧ dx + dq ∧ dy. Finally, we get χ = −dp ∧ dq + dx ∧ dy .
We shall denote by J ω and J χ the complex structures associated, respectively, to the symplectic structures ω and χ on the dual fibrationX (in principle, the complex structure J χ is defined only locally). In the local coordinates (x, y, P, Q) onX, one has:
Lemma 2.1. K is a complex structure.
Proof An easy computation yields:
2 In local coordinates, we can write:
The holomorphic coordinates (α 1 , . . . α n , β 1 , . . . , β n ) induced by K satisfy the relations dα = dx + idQ, dβ = dP + idy. On X we define the symplectic form σ = dq ∧ dx + dy ∧ dp .
We shall write J σ instead of K. Summing up, we have proved the following result.
Theorem 2.2. Let X → B be an integrable system over a symplectic manifold (B, Ω) such that ∇Ω = 0. Then there exist (locally) a hyper-symplectic structure on X and a hyper-complex structure on the dual fibrationX.
Proof Lemma 2.1 shows that J ω , J χ and J σ determine a hypercomplex structure onX. It follows that (ω −1 χ) 2 = − Id T X ; hence, ω, χ and σ define a hyper-symplectic structure on X [9] .
2 We can identify X andX in such a way that the coordinates (x, y, p, q) correspond to the coordinates (x, y, P, Q). As a straighforward consequence of Theorem 2.2 we obtain the following Since the holomorphic coordinates on X induced by J χ are (u, v) = (q + ip, x + iy), we can consider also q + ip as homolomorphic coordinates on B (to be precise, we need to identify T B and Vert(T X) by means of the symplectic form ω). Given a Lagrangian immersion ρ σ (resp., ρ χ ) w.r.t. σ (resp., χ), the analogue of Corollary 2.3 is readily stated: ρ σ (B) is a complex submanifold w.r.t. J ω (resp., ρ σ (B) is a complex submanifold w.r.t. J ω ).
Special Kähler geometry on B
In this section we show how to recover from the data described in the previous sections a special Kähler structure on B [7, 8] . We start with the following basic definition. 
If there is a covariantly constant symplectic form Ω on B (i.e. ∇Ω = 0), then the triple (M, I, Ω) is called special symplectic.
Let us suppose that a Lagrangian section ρ σ : B −→ X does exist. From Corollary 2.3, we have that ρ σ (B) is a complex submanifold w.r.t. the complex structure J ω . Moreover the holomorphic coordinates induced by this complex structure on X are (z, w) = (x + ip, y + iq). These coordinates define, via ρ σ , a double set of holomorphic coordinates on B, z = x + ip and w = y + iq, while the restriction to ρ σ (B) of the complex structure J ω induces a complex structure on B that can be written in local coordinates as:
Since the coordinates (x, y) are flat w.r.t the Gauß-Manin connection we have:
So have proven the following result. Let us recall that a special symplectic manifold (B, Ω, I) is said to be special Kähler if the symplectic form Ω is I-invariant [4, 7, 8] . Notice that the 2-tensor g(·, ·) = Ω(·, I·), whilst is always symmetric, in general is not positive definite. So, the name of special pseudo-Kähler would be more appropriate. The symplectic form Ω can be written as Ω = dx ∧ dy (recall that the (x, y)'s are the flat symplectic coordinates on B) and a straighforward calculation shows that such form is invariant w.r.t. the complex structure defined in (4). Thus, under the same assumption as in Proposition 3.2, the following result is easily proved. Kähler manifolds as manifolds that can be (locally) identified as bi-Lagrangian submanifolds of V × V , where V is a symplectic vector space. In our description of the special geometry defined on the base of the fibration, we use the existence of only one Lagrangian section ρ σ even if B can be (clearly) identified via the Gauß-Manin connection with a ω-Lagrangian submanifold of the total space X.
